Lecture 24 ( Apnl 25, 208)
§/’ngm!nr Pe/%urbaf/on
Up il now: state  equations JgpgnJ 5/"007%4_ on £
wow: dlscontinvous dlepencence of system properties e
Standard Shﬁa/qf Péf/urbaf/oﬂ. rode/:  e>o smal
A =Ftn,20
ez =9(t%z2,¢)
Note - 5e7‘ff7 £=0 causes & funclemental § dbipt charge in e ofnamic
frofem‘ués a% Phe 5;57{2/»1, ie, 0= 9(t%2,0
Dis (om‘/'ﬂwy L sofutons can be avoded # pr/mﬁzec/ n sParile Fime
Scales:  x :shw , 2:fail o
<R’ cR
A ssume /g/ g€ C/ in Hheir ar;mﬁ’n?ls For  (xn, 2, E) e'[o,t,]xD,‘xDéx[o;é,]
Tef. Shncacd form ¥ - q(t7,2,0 & has K2/ jsolated real rosts
2=hilt)), 1=L...k Por @ach (£%) ¢ [o,4] XDx.
“his enswies Hhat a wel- Jeﬁnec/ p—chmensional reduvced model wil) @'.YQSfoncj
iz each roof z# &) :
Sow mode] @x) x= £lts X% heE ,0) G sfem/;z state model
dropped o 7 (z has rapiclly COﬂl/t/gec/ 7o a rost)

See saction |I] for Severl examples i wheh swall paoreters o singular
Jr turbaton modg| qase.

Tme scale Pfopgr'f/es of 7%e Stanclard mode)
5/00-) Y€$Pan5€ a;?/o/\//mafeol bj 7%e I’éc/Mcec/ moc/e/

Disciepancy befueen the fesponse of the reduced moce] and Hat of Hhe
Full wode| 1s the fast transient



Consider 50/1/,',,,1 ﬁ‘ff moc/e/ i x=ftt 20 X (4o) = §(€)

€2= J(L%2,6) , 2(£)= (e
Whefe §© & (2 depend smvﬂfé/ji on & and to efo,t).
Lt X €) & 20 denste solutions Fo Ful) mock)

—

R@J{A[ZJ MOJ&/ X.: f(‘t) 2, h('l'/’)()/ O) Y, X(‘éo)::go = §(d)

L T be soufion of reciced model with LE® = hit,Tew)
(qnasi — Sfeac/g- State  bepauior i 2 when x= z)

Klte, & —X () = 00— &0 = 06)  (Sine € deponds on € 5moa7¢ﬁ)
So it is Yeasonable fo exped Xé€) — X (6 =0 ¥ te[tod)]

/\/07,-@ '%df z(fo) _—_-;\—['t'O) 7—5({0’) = h('&o; Ss> #1 2:6{:9) = {}[E)
yiof mecessaril

Thus, best we an erpect is Pat 2 (4e)— Z@ = 0 on an jnterval
e)(dudmg_ te, re, for te[te t;]) where £, >t

¥ etor 2&e)-2@ is Oty on [tu,4], Hhen o/ur;/lg [+etL) ([aﬂcc/ Hhe
= bouanr;L —1Aa%er 7 )rrfen/a/) , 2 opproaches 2.

/\legcl Some 5’/0‘5'//;1 in order o +his 1o ha/o/ben.
Lat }sz,h (,x), SO 9uasi— S’feaﬂfdbt—s%afe shifts 4o or igm in 4 Covichnate
y=0. This change of yaniable doesn change e eqovﬁ’/wz of redued
model.

‘Nife ﬁmf” )}Z we ﬁnJ an equaf/'on in ferms of ba oand
appfaximnfe its solution (523 ge) Hhen 7z = 96‘)+h(%/>f) )

lef T= tt So Tz0 when t=to and time is stetched Fore << .
&



= 3’_.-2_ = _ccng; = j (’flz) yﬁ—/l('f}x)/é) _€ % — €& %})l( QC(-é)jtjg_’_ h (-{-)x))é)
Y 0) = (e —h(o, §¢o)
/\/07% ﬂm‘f t £ are s)ow}g_ ergmg_ n ’/‘;le T fime Scale

totetr €T , X=x(toteT , &)
Se#///; c=o freezes these at t=to and X= &, , which gives:
w i% = d(to, S, Yrh 59,0

Y(o) = 1o — h(Fe5 50
which has an e7. pt of Y=0.
¥ y=0 is as and Yo is in its fegion of atfraction, then # is
@asonable Hhal solfion wi|) reach 0Ote neghbarhoao/ of ougin during.
boundlary - /éye/ terval. (In non-stretched fime)
St heed fo guarmn‘ee Hat it sfays fheie for te [ts,1] since in the

/ﬂ[#@)’ m7'{erm(, t,x, move awa} ;Zya/n 7%eir ]n;‘%ia/ \/m]{Aes. So /ef 7%em J(‘ for.

‘J_"j = g( X, Yt htx),0) Boundalg, ~ layer - modkel
dz BLM™)
Whete (4x) € [O/11] XD teated as Pired parameters, and X) €D,

The crudial stabilidy property we need For BLM) is es -Hy of ifs origin,
Um'\Formlj N the frozen pamamders.

O# Y=0 5 es. tor @), then it remans es for BLM.)
T Khonov' 5™ Theorem
considec the singular perturbation Problem

X = Fhs 2,0 7 X(t) = £(6)
2= J(HLA2,€) , (&)= "(e)



and ket 2 = het, %) be an jsolated roof o}g g({,y,-z-,o)zo, Assume Hhe
fﬂo/[awiﬂj @ndifions ﬁgor al [t 2-h@) €] ¢ [ot) XD.,JD‘Q_X[O) &)

D c R convex D'Q. cnim contains 0

. #, 9, fi(s‘]’ PaH'ioll dorivatives w.e+(W2, € X }?6(5'} Pg{ﬁﬁ] Jeyiqa‘{',itq_ bﬁ g' w.rt
+ ave Continuous.

. h & %ﬁz (+%,%2,0) have cortinvoos Fyst paitial denvefives wrt +heir

dv’gamemfs.

o Sce) % 1(€)  are smoath  Fanctions o? .

. The veduced problens has a an)qUe solufion Xt) € S ) }/{-—é[fwta
S P compad

. The ongih s es. eq pt of (BLM) /uniﬁavm/;{_ n )

o Lt 'K}Cbi . (egion 030 attvaction Df &) & _Qgc Rj (ompacT

TThen, 3 %50 stV YO\ =1o —hitos) ¢ 2y and oce<ce, Fhe

sinju(ar qu-fwbofrion Problem has a uniqhe  solation X&) & (48 on

[‘l:of(i]] a'\é _
XA,8) — XA =0(e)

26 - Gct) —h (4, T = e
ho unifofm/dq fov te[tot)) , where 9(1:) s the solution of ).
Moreover, iven ang to>ts, 3 ¢ & s+ 248 - h(4,X@) =0w

holds uniform[g for t¢ [+, ], e<

. . —Ol(-é—'l'e) (3
Main 1en of /oroo;?, Showing. //gh‘/é)// < k€ & + £E  using

The sfab/ﬁé(, /Drappnz/es 079 (LB/M)-
Nofe. T et extension 1o infirtfe. Time inferval . we also vequite e-s ity
ofon’gm 05’- v’eJucecl M0c1€|~ (5€e “Thesvem ”-2),
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Actuator comtrol  with /Iigh_gﬂin Feedback

Jnner /aap . actoator contro) Wh% hgﬁ fﬂ/’i ,4ec[£nck > K h'7/7_ in, Y0 é (0ps)
Yo=0, Y >0 ¥gzo

Sale e_a{ua'hbn : )EF = A xp4Bup

L Gp = ¢lu-up—ks Cop)

Let € =# ) Xp=x, vp=2, 9eT singilar per tacbation model

Seting ¢=0 = ¢(u-up_t2Cxp) =0 = up=u—-Kz Cxp
s 5 a unique Yool Since ¢ vanishe s 017!1 al or}jjn.

keo(u(ccj r)’lOo@/: )Ef_— (A-—BKQ_C)XF +Bu

u -+ UP v = AX B g .
>C )ng_(xr-r 7 ’ 0’1(&(7‘ (onnec"/ll'orl
7 = P
—

—1 ks

Suffasc udy=l Yor t=0 and 31/[~)=7‘an—’(-)~ The wnigue root of
7«[“—--2-—)?2(7():0 is hgx) = J—Kacx and The (RLM) 5

_dg, = j(‘f,')"; yﬂ—})(‘f/x))a) = V’ ( | — (”"'}'{f/)t)) - KQ-C-X)
dt
=’$b( ’—;—/+/<:.C)‘ - K2 CX)
::7lﬂn—,( - j) = —'}an_ I#

_’+51/320 — 1 is Hurwitz =

The Jrcobion % y=o =



The 0!’19//) of BLM ic es.

pne can check that all assumpthons 074 “Theoter |).)  dre 5a7’/'5z'2/eo/, and
can proceed fo ﬂf)?foximdfe X bﬁ fhe solufon oF Hhe reduce Mool J
amd 2 b4 hit,X@®) + Y(te)

% LA‘/L of ﬂ’ -l
the solution of vedued mode/ he solfion Z-}Ci = —tan (y)

ﬁ(—é/f) = Sec-'[ C e_%) Cottespornds 75 Fast tunsient
Constany 4
( BUuﬂc/aﬁ—- /a/gr Y2 2a of He Soletion)

After Hhe a’em} o Hhis tansient, 2 remairs dose o htLxw), Whiz
15 Slow( Joag sf-@qc(i 5757‘3) Parl o e sofudon.

Do £xample 1.5 if You hae fime
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